Let S be a cancellative monoid with quotient group of torsion-free rank a. We show that the monoid ring R[S] is a Hilbert ring if and only if the polynomial ring R[{ X, },s/] is a Hilbert ring, where |/| = a.
Proof. (1) => (2). If R[X] is not a Hilbert ring, then there exists a G-ideal Q of R[X] that is not maximal
. Hence, if P = Q P R, then R[X]/Q is an a-generated extension ring of R/P that is a G-domain, but not a field.
(2) => (3). Let D = R/P and let / = />[{a,},e/] be an a-generated extension domain of D that is a G-domain, but not a field. With Proof. Let a be the torsion-free rank of G (according to the terminology of [G4, p. 165] , a is also referred to as the torsion-free rank of S). If a is finite, then Theorem 2 follows from [G5, Corollary 1], If a is infinite, then choose a free subset F of S such that G/H is a torsion group, where H is the subgroup of G generated by F. Let T = S P H. We observe that R[S] is integral over R [T] . This is true since, for 5 g 5, there exists a positive integer n such that ns G H P S = T. Since the extensions R [H] Suppose P[ZQ] is not a Hilbert ring. There exist a prime ideal P of R and an a-generated extension of R/P which is G-domain but not a field. The proof that (2) implies (3) in Theorem 1 then shows that no domain between (P/P) [Zq] and (R/P) [Za] is a Hilbert ring. In particular, (R/ We referred in the introduction to work that has been done on the problem of determining conditions under which a polynomial ring in infinitely many indeterminates over a Hilbert ring is again a Hilbert ring. To illustrate the relation between some of this work and Theorems 1 and 2, we record a result labelled as Theorem 3. Part (a) of this result, a restatement of [G5, Corollary 1], follows from Theorems 1 and 2; part (b) uses the same two theorems and Theorem 2.9 of [Gl] , while part (c), which generalizes (b), is a consequence of Theorems 1 and 2 and [H, Theorem 1].
Theorem 3. Assume that R is a commutative unitary ring and that S is a cancellative monoid of torsion-free rank a. (ii) For each nonmaximal prime P of R, the set of primes Q of R, such that Q > P and ht(Q/P) = X, has cardinality greater than a.
